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Abstract
We consider the generalized pure state density matrix which depends on different time moments. The
evolution equation for this density matrix is obtained in case where the density matrix corresponds to
the solutions of Gross-Pitaevskii equation.
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1 Introduction
The wave function ψ(x, t) satisfies the linear Schrodinger equation [1]. The density matrix introduced
in [2–4] satisfies the von Neumann equation. There exists nonlinear Schrodinger equation for which
potential energy term provides qubic nonlinearity of the equation. The equation was used by Gross [5] and
Pitaevskii [6]. The von Neumann equation for density matrix can be derived from the linear Schrodinger
equation. Recently [7] the generalized density matrix of pure and mixed states was introduced and
this matrix depends on two time moments. For equal times the generalized density matrix coincides
with the standard density matrix . The equation for this generalized density matrix was discussed
in [7]. The analog of nonlinear von Neumann equation written for Wigner function [8] in case of Gross-
Pitaevskii equation was discussed in [9]. The aim of our article is to obtain nonlinear analog of Gross-
Pitaevskii equation written for generalized density matrix introduced in [7]. The paper is organized
as follows. In Sec.2 the derivation of von Neumann equation for density matrix is reviewed. In Sec.3
the derivation of nonlinear equation for generalized density matrix corresponding to Gross-Pitaevskii
equation is demonstrated. The conclusions and perspectives are given in Sec.4.
2 Schro¨dinger and von Neumann equations
The wave function ψ(x, t) of the quantum system satisfies the Schro¨dinger evolution equation
i
∂ψ(x, t)
∂t
= −1
2
∂2ψ(x, t)
∂x2
+ U(x)ψ(x, t). (1)
1
ar
X
iv
:1
40
4.
70
89
v1
  [
qu
an
t-p
h]
  2
8 A
pr
 20
14
We assume Planck constant ~ = 1 and mass m = 1. The term U(x) is the real potential energy. To
derive von Neumann equation we write the equation for the function ψ∗(x′, t) which reads:
− i∂ψ
∗(x′, t)
∂t
= −1
2
∂2ψ∗(x′, t)
∂x′2
+ U(x′)ψ∗(x′, t). (2)
From the system of equations (1,2) it follows the equation for density matrix
ρψ(x, x
′, t) = ψ(x, t)ψ∗(x′, t) (3)
in position representation. The equation reads
i
∂ρψ(x, x
′, t)
∂t
= −1
2
(
∂2ρψ(x, x
′, t)
∂x2
− ∂
2ρψ(x, x
′, t)
∂x′2
) + (U(x)− U(x′))ρψ(x, x′, t). (4)
The same equation (4) is valid for convex sum of pure state density matrices
ρ(x, x′, t) =
∑
n
pnρψn(x, x
′, t), (5)
where 1 ≥ pn ≥ 0,
∑
n pn = 1. For stationary states with wave functions of the factorized form
ψn(x, t) = φn(x) exp(−iEnt) (6)
the density matrix ρψn(x, x
′, t) does not depend on time.
In [7] the generalized density matrix of pure state was introduced
Rψ(x, x
′, t, t′) = ψ(x, t)ψ∗(x′, t′). (7)
For equal times t = t′ one has equality
Rψ(x, x
′, t, t) = ρ(x, , x′, t). (8)
Using the same method of derivation which is used to obtain von Neumann equation from Schro´dinger
equation one can get the equation for the generalized density matrix which reads [7]
i
∂Rψ(x, x
′, t, t′)
∂t
+ i
∂Rψ(x, x
′, t, t′)
∂t′
=
−1
2
[
∂2Rψ(x, x
′, t, t′)
∂x2
− ∂
2Rψ(x, x
′, t, t′)
∂x′2
] + [U(x)− U(x′)]Rψ(x, x′, t, t′). (9)
If the times coincide t = t′ the above equation provides the von Neumann equation for density matrix
ρ(x, , x′, t). In view of linearity of Eq.(9) the same equation is valid for the matrix
Rψ(x, x
′, t, t′) =
∑
n
pnRψn(x, x
′, t, t′). (10)
Here the generalized density matrix R(x, x′, t, t′) is convex sum of pure state matrices Rψn(x, x′, t, t′).
The generalized density matrix of pure stationary state contains dependence on time, i.e.
Rψn(x, x
′, t, t′) = exp[−iE(t− t′)]φn(x)φ∗n(x′). (11)
Thus for stationary states the matrix Rψn(x, x
′, t, t′) contains the information corresponding to the both
past and future time moments.
2
3 Nonlinear Gross-Pitaevskii equation
The nonlinear Schro¨dinger equation with qubic nonlinearity has the form
i
∂ψ(x, t)
∂t
= −1
2
∂2ψ(x, t)
∂x2
+ U(x)ψ(x, t) + gψ(x, t)|ψ(x, t)|2. (12)
Our purpose is to use this equation where g is nonlinearity constant and to derive the corresponding
equation for the generalized density matrix Rψ(x, x
′, t, t′).
First, we write the equation for complex conjugate function ψ∗(x′, t) analogously to the case of
nonlinear Schro¨dinger equation
− i∂ψ
∗(x′, t′)
∂t′
= −1
2
∂2ψ∗(x′, t′)
∂x′2
+ U(x′)ψ∗(x′, t′) + gψ∗(x′, t′)|ψ(x′, t′)|2. (13)
Then we multiply all the terms in Eq.(12) by the function ψ∗(x′, t′) and all the terms in Eq.(13) by the
function ψ(x, t). We get two equations
i
∂ψ(x, t)ψ∗(x′, t′)
∂t
= −1
2
∂2ψ(x, t)ψ∗(x′, t′)
∂x2
+ U(x)ψ(x, t)ψ∗(x′, t′) + gψ(x, t)ψ∗(x′, t′)|ψ(x, t)|2. (14)
and
− i∂ψ(x, t)ψ
∗(x′, t′)
∂t′
= −1
2
∂2ψ(x, t)ψ∗(x′, t′)
∂x′2
+U(x′)ψ(x, t)ψ∗(x′, t′) + gψ(x, t)ψ∗(x′, t′)|ψ(x′, t′)|2. (15)
Taking the difference of equations (12) and (15) we get the equation
i
∂Rψ(x, x
′, t, t′)
∂t
+ i
∂Rψ(x, x
′, t, t′)
∂t′
= −1
2
[
∂2Rψ(x, x
′, t, t′)
∂x2
− ∂
2Rψ(x, x
′, t, t′)
∂x′2
]
+[U(x)− U(x′)]Rψ(x, x′, t, t′) + gRψ(x, x′, t, t′)[Rψ(x, x, t, t)−Rψ(x′, x′, t′, t′)]. (16)
The obtained equation is nonlinear and nonlocal equation for the generalized density matrix corre-
sponding to the Gross-Pitaevskii equation.
Conclusion
To resume we point out the main results of our work. We reviewed the derivation of von Neumann
equation for density matrix from the Schro¨dinger equation. Using the method to provide this derivation
we applied it to derive the equation for generalized density matrix which contains time-dependence even
for stationary states. We extended the derivation to the case of nonlinear cubic Schro¨dinger equation.
The obtained equation gives also the equation for standard density matrix in the case of taking into
account the nonlinearity. The forms of the obtained equation in terms of Wigner-Weyl function, Husimi
function and tomographic probability distribution will be given in future publications.
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